Recently the Wigner -Weyl formalism has been applied to the lattice models of solid state physics and to the lattice regularized quantum field theory. This allows to demonstrate that the electric current of Anomalous Quantum Hall effect is expressed through the momentum space topological invariant composed of the Green functions both for the two -and the three -dimensional systems. Here we extend this consideration to the case of the Quantum Hall Effect existing in the presence of arbitrarily varying external magnetic field. The corresponding electric current appears to be proportional to the topological invariant in phase space composed of the Wigner transformed Green function that depends both on coordinates and momenta. 1
Introduction
Relation between topology and the Anomalous Quantum Hall effect (AQHE) in the two -dimensional topological insulators follows the discovery of the so -called TKNN invariant [1] : the Hall conductivity appears to be proportional to the integral of Berry curvature over the occupied branches of spectrum. The corresponding three -dimensional constructions were discussed, for example, in [2] . The same formalism allows to calculate the Quantum Hall Effect (QHE) of electrons in the two -dimensional periodic potentials (or in the 2D lattice models) in the presence of constant magnetic field [3] . However, it does not give the transparent calculation method for the QHE of Bloch electrons in the presence of varying external magnetic field. Besides, although by construction the TKNN invariant is defined for the noninteracting system, it is well -known that the total AQHE conductivity is robust to the introduction of disorder and weak interactions. The representation of this conductivity as the topological invariant composed of the Green functions was proposed for the two dimensional system in [4, 5] (for more details see Chapter 21.2.1 in [6] ). Using this approach the interacting system may be considered: the full two -point Green function of the interacting system should be substituted to the corresponding expression. It is usually believed, that the higher order full Green functions do not give a contribution to the QHE although there is still no direct proof of this statement. Such topological invariants were further discussed in a series of papers (see, for example, [7, 8] and references therein). In [9] the similar relation between Hall conductivity and the topological invariants composed of Green functions was deduced for the three -dimensional systems with the AQHE (in particular, for the discovered recently Weyl semimetals [10, 11, 12, 13, 14, 15] ). The role of disorder in the QHE has been discussed within several different approaches (see [3, 16, 17, 18] and references therein). However, the introduction of disorder within the formalism of [4, 5, 6, 9] remains problematic: the corresponding topological invariants formally describe the idealized systems without impurities, where the Hall current remains in the bulk. Disorder pushes the Hall current to the boundary. But its total amount integrated over all space remains given by the topological invariants discussed in [4, 5, 6, 9] . In the present paper we will present the alternative proof of this conjecture for the case of the sufficiently weak disorder. Moreover, we extend the consideration of [9] from the AQHE to the case of the Quantum Hall Effect in the presence of arbitrarily varying external magnetic field. Technically its consideration is more complicated than that of the AQHE in periodic systems without external magnetic field because the two -point Green function G(p 1 , p 2 ) now depends on two momenta p 1 , p 2 instead of one unlike the case of the AQHE. We hope, that the topological invariants proposed in the present paper may become useful for the consideration of the models with essential inhomogeneity since they are composed of the Green functions and inherit the beautiful mathematical structure of the topological invariants of [4, 5, 6, 7, 8, 9] . It is worth mentioning that the Hall conductance is believed to be robust to the introduction of weak interactions while strong interactions may bring the system to the phase with the fractional QHE (see, for example, [18] ). Its consideration, however, remains out of the scope of the present paper. For the general review of the topological aspects of the QHE we refer to [3, 18, 19] and references therein.
We explore the Wigner -Weyl formalism [20, 21, 22, 23] developed in [9] for the lattice models of condensed matter physics (as well as for the lattice regularized quantum field theory). For the ordered review of this formalism see [24] . We demonstrate that the Hall conductance integrated over the whole space is given by the topological invariant in phase space (that consists of both coordinates and momenta). This topological invariant is expressed through the Wigner transformation of the two -point Green functions. Its structure repeats that of the topological invariants discussed in [4, 5, 6, 7, 8, 9] with the ordinary product substituted by the star product and the extra integration over the whole space added 2 . The value of our topological invariant responsible for the Hall conductance is not affected by the sufficiently weak disorder. We also find indications that it remains robust to the Electromagnetic interactions with sufficiently small effective coupling constant.
The paper is organized as follows. In Sect. 2 we introduce the notations that are useful for the investigation of various lattice models in momentum space. In Sect. 3 we recall the application of the Wigner -Weyl formalism to lattice models proposed in [9] . This formalism results, in particular, in the expression for the current of the AQHE through the topological invariants in momentum space. In Sect. 4 we present the extension of this result to the case of the lattice model in the presence of varying external magnetic field. Our main result is the expression for the QHE current through the topological invariant in phase space given in Eqs. (16) , (17) , (18) . In Sect. 5 we check the obtained results applying our expressions to the consideration of the problem with known solution -the QHE in the noninteracting system in the presence of constant external magnetic field. In Sections 2 -5 we consider the idealized systems without disorder and with the interactions neglected. In Sect. 6 we demonstrate, that the introduction of weak disorder does not influence our expressions. Also in Sect. 6 we present the indications that weak electromagnetic interactions do not affect them as well. In Sect. 7 we end with the conclusions.
In Appendixes we accumulate various results used in the main text of the paper. The majority of those results are not original and were proved in the other publications. We feel this important to collect the derivation of those results in the Appendixes to our present paper for completeness.
The description of the tight -binding models in momentum space
Following [9, 24] we start from the lattice tight -binding fermionic model with the partition function of the following form
Here D x,y is a matrix that depends on the discrete lattice coordinates x, y. Ψ,Ψ are the multi -component Grassmann -valued fields defined on the lattice sites. Such a partition function may be rewritten in momentum space as follows
where integration is over the fields defined in momentum space. |M| is its volume, D is the dimensionality of space -time,ψ and ψ are the anticommuting multi -component Grassmann variables defined in momentum space. Without loss of generality we assume that time is discretized, so that momentum space is compact, and its volume is finite. In condensed matter physics time typically is not discretized, the corresponding partition function may be obtained easily as the limit of Eq. (1) when the time spacing tends to zero. The partition function of Eq. (3) allows to describe the non -interacting fermion systems corresponding to matrix Q(p) (that is the Fourier transform of the lattice tight -binding matrix D xy ). The meaning of Q(p) for the lattice models of electrons in crystals is the inverse propagator of Bloch electron. The interactions are not taken into account at this stage. Their effect as well as the effect of disorder will be discussed later. Introduction of the external gauge field A(x) defined as a function of coordinates effectively leads to the Peierls substitution (see, for example, [9, 24] ):
where the products of operators inside expression Q(p − A(i∂ p )) are symmetrized. We relate operatorQ = Q(p − A(i∂ p )) and its inverseĜ =Q −1 defined in Hilbert space H of functions (on M) with their matrix elements Q(p, q) and G(p, q) correspondingly:
Here the basis elements of H are normalized as p|q = δ (D) (p − q). Those operators obey the following equation
Eq. (3) may be rewritten as follows
while the Green function of Bloch electron is given by
Here indices a, b enumerate the components of the fermionic fields. In the following we will omit those indices for brevity.
Wigner -Weyl formalism for the lattice models
The Wigner transformation of G is defined as the Weyl symbol ofĜ:
It obeys the Groenewold equation (see [9] )
that is
By x n we denote the lattice points. Although the lattice points are discrete, the differentiation over x n may be defined following [9] because the functions of coordinates may be extended to their continuous values. Let us define the (Grassmann -valued) Wigner function as
We may also define the operatorŴ [ψ,ψ], whose matrix elements are equal to W (p, q) = p|Ŵ [ψ,ψ]|q . The functional trace of an operatorÛ is defined as
Then the partition function receives the form:
where by W W we denote the Weyl symbol ofŴ .
In general case the calculation of the Weyl symbol Q W of an operatorQ = Q(p − A(i∂ p )) is a rather complicated problem. It has been solved in [24] for the particular case of lattice Wilson fermions. The result is represented in Appendix A. It follows from those results that if the field A is slowly varying, i.e. it almost does not vary on the distance of the order of the lattice spacing, we may substitute to our expressions A instead of A. Under the same assumption we are able to substitute the sum over the lattice points by the integral. Of course, this refers not only to the lattice Wilson fermions, but to any lattice fermion model. That's why in the following we take
Equilibrium electric current
Variation of partition function gives the following expression for the electric current (the derivation is given in Appendix B):
This expressions is the topological invariant, i.e. the total current is not changed when the system is modified continuously.
In Appendix C we remind the reader the consideration of the anomalous QHE and represent the results obtained in [9] . It appears that the response of the electric current to weak external field strength A ij = ∂ i A j − ∂ j A i is the topological invariant in momentum space. This invariant is composed of the one -particle Green function (that is the function of the only momentum p for A = 0). In the present paper we propose the generalization of this representation to the case, when in addition to the weak external field strength A ij there is the strong external field strength
The former gives rise to the external electric field while the latter corresponds to strong essentially varying external magnetic field that provides the system with the gaps and the topological structure responsible for the QHE. In this situation the oneparticle Green function at A = 0 depends on two momenta because of the presence of the field B(x). So, we discuss the case, when the fermions are in the presence of two Abelian gauge fields A i and B i .
Let us first consider the case of constant external field strength A ij and arbitrary field B(x). We are going to expand J in powers of A ij and to keep the linear term only. At the same time the field B(x) is taken into account completely. We start from
and define G W and G (0) W that obey
). The Wigner transformed inverse propagator in the presence of external magnetic field (without external electric field) is Q
The direct check shows that in Eq. (10) the terms proportional to A (that do not contain the derivatives of A) cancel each other, so that the first relevant terms are proportional to ∂ i A j . We also may represent Eq. (10) as
Up to the terms linear in the derivatives of A we get:
Up to the terms linear in A ij this equation receives the form
Its solution is
We rewrite Eq. (10) as follows:
and obtain:
For D = 4 the second term in this expression may be rewritten as
It is worth mentioning, that in the present paper the star product of several functions f 1 (p, x), f 2 (p, x), ..., f n (p, x) should be understood as
Here each operation ⋆ acts within the nearest brackets only, that is the derivatives entering the star act only within those brackets. At the same time the property
] allows to move the brackets within the multiple products, and to write the product without brackets at all. For the twodimensional systems (D = 3) we have:
Here M is the topological invariant in phase space
The proof that Eq. (18) is indeed the topological invariant is given in Appendix D. In the similar way it may be proved that Eq. (16) represents the topological invariant.
The self check
Eqs. (16) and (18) consist the main result of our paper. It is worth mentioning that although we derived those expressions for lattice models, they remain valid for the continuous models as well. Notice, that Eq. (18) may be reduced to the TKNN invariant for the case of the electrons in crystals without interactions and with Q(p) = iω − H(p x , p y ), where H is the one -particle Hamiltonian. This occurs if either there is no external magnetic field or if it is constant. The case of continuum model (say, with H(p x , p y ) = p 2
x +p 2 y 2M ) in the presence of constant magnetic field B (orthogonal to the plane of the given 2D system) is the simplest case, when Eq. (18) is not reduced to the TKNN invariant. Below we illustrate our result by the consideration of such a system.
We choose the gauge, in which the gauge potential is
External electric field E y corresponding to the gauge potential A is directed along the axis y. The above derived expressions give:
Here the Hall conductance is given by σ xy = N /2π while N = iM is the following topological invariant in phase space
For the practical calculations in the given particular case it is more useful to represent this expression in terms of the Green function written in momentum representation:
This representation has been deduced from Eq. (20) in Appendix E. There also the transformation of Eq. (21) to the following form has been derived:
By operatorx we understand i∂ p acting on the the wavefunction written in momentum representation:
Eq. (22) (divided by 2π) is the standard expression for the Hall conductance that follows from Kubo formula. For completeness we present the derivation of Eq. (22) from the Kubo formula in Appendix F (see also [18, 26] ). The further calculation of Hall conductance using Eq. (22) is also standard (see, for example, [25] ). We give it in Appendix G. The result reads
where A is the area of the system while N is the number of the occupied branches of spectrum. This way we came to the conventional expression for the Hall conductnce of a fermionic system in the presence of constant magnetic field and constant electric field.
Introduction of disorder and weak interactions
Let us discuss briefly the quantum Hall effect in the presence of disorder. The total electric current integrated over the volume/area of the system remains the same as without impurities. Here we present the alternative proof of this well -known statement based on the considered above Wigner -Weyl formalism.
We consider the case of variable external field strength A 0j corresponding to electric field E, and nonzero field B(x) corresponding to a magnetic field. D − 1 dimensional space of the given system is divided by a plane/line into two equal half -infinite pieces. In one of those two pieces R D + the electric field is disordered while in the other piece R D − it is perfectly constant and orthogonal to the mentioned dividing plane/line (let it be y = 0 plane for definiteness). At the same time the electric potential vanishes at the space infinity. Magnetic field corresponding to B(x) may be arbitrarily inhomogeneous within R D + , but its structure is repeated within R D − , i.e. B(−L + y) = B(y), where space infinity at y = −∞ is regularized and given by y = −L.
The total current is given by
and is equal to the sum of electric current in the first piece R D − of the system J k constant and the total electric current in the disordered piece R D + : J k disordered . Let us consider for simplicity the two dimensional system. The consideration of the three -dimensional system is similar. Considering the piece of space with constant electric field we may neglect boundary effects, and obtain
where N is given by Eq. (21) with the integral over the corresponding half of space. Eq. (24) is the topological invariant. We assume, that the external electric field is weak. This weakness means, in particular, that we may turn it off smoothly without changing of the total value of Eq. (24) . Therefore, in the absence of the persistent current (that is not caused by the external electric field), the total electric current in the whole space is zero. Therefore, the total electric current in R D + is equal to the electric current in R D − with the sign minus. We come to the following expression for the electric current in R D + :
Here N is given by Eq. (21), where integration is over R D + . It is equal precisely to the similar expression for R D − . The value of E j is the average value of electric field in R D + that is equal to the constant electric field in R D − with the sign minus. Those simple considerations prove that although due to disorder the local current density may be concentrated to a large extent close to the boundary, the total integrated value of Hall conductivity remains the same as without disorder and is given by the topological invariant in phase space defined above.
Finally, let us discuss briefly the role of interactions. As an example let is consider exchange by virtual photons in the three -dimensional systems. They may be taken into account as the fluctuations δA of the gauge field A within Euclidean theory. At this point we accept the following assumption: at the sufficiently weak α (effective fine structure constant in medium) we are able to integrate in the functional integral only over such a weak configurations of δA, that may be considered on the same grounds as the weak disorder in the above Eq. (26) . The electric current is then given by
where M is given by Eq. (16) while V is the total volume of the system, β = 1/T . (We assume the limit of large V and β.) S[δA] is the effective action in medium for the dynamical photon field δA. The integration measure DδA is chosen in such a way that DδAe −S[δA] = 1. Without loss of generality we may assume, that the periodical boundary conditions are applied to A. This gives
Thus modulo the above assumption about the smallness and smoothness of δA in the functional integral, the exchange by virtual photons does not affect Hall conductance. The consideration of the other interactions like the phonon exchange is more complicated and requires modification of the above formalism. This remains out of the scope of the present paper.
Conclusions
In the present paper we derive the representation of Hall conductance as the topological invariant in phase space composed of the Wigner transformed Green functions. Our main result is given by the following expressions for the total Hall current in the presence of the external electric field E i :
for the 3 + 1D system, and
for the 2 + 1 D system. Those expressions may be used both for the description of the AQHE and for the description of the QHE in the presence of magnetic field. These expressions represent the total integrated conductance and are robust to the introduction of weak disorder. More explicitly, when a certain measure of disorder η is increased smoothly starting from zero, the Hall conductivity is not changed until a phase transition. Direct definition of η, and establishing of its critical value remains out of the scope of the present paper. We also find indications that the total conductance is robust to the introduction of weak electromagnetic interactions. The mathematical structure of Eqs. (29) , (30) repeats that of the topological invariants discussed in [6] with the ordinary product of matrices substituted by the star (Moyal) product of Wigner -Weyl formalism. The main advantage of the obtained expressions for the total conductance is that they are written in terms of the Green functions. According to our findings the disorder does not affect those expressions while the only effect of (weak) interactions is the modification of those two -point Green functions -we should substitute the ones of the interacting system. Earlier this result has been obtained for the homogeneous systems (see [4, 5, 6, 9] ) like the ones with the AQHE. Here it is extended to the inhomogeneous system in the presence of the arbitrarily varying magnetic field. Our formulas allow to show, in particular, that the Hall conductance is not changed when this magnetic field is modified smoothly (unless the topological phase transition is encountered). Therefore, the calculation of Hall conductance for the complicated configuration of magnetic field may be reduced to that of the more simple magnetic field profile.
It is worth mentioning that the approach of [9] has been applied also for the investigation of the other non -dissipative currents (for the review see [27, 28] ). In this way the Chiral Separation Effect [29] , the Chiral Vortical Effect [30] , and the Chiral Torsional Effect [31] were related to the topological invariants. The methodology of the present paper may also be extended to those non -dissipative transport effects for the non -homogeneous systems, i.e. the systems with the arbitrarily varying magnetic field, rotation velocity, emergent torsion correspondingly.
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Appendix A. Weyl symbol of Wilson Dirac operator
In [24] the Weyl symbol ofQ = Q(p − A(i∂ p )) was calculated for the case of the so -called Wilson fermions withQ (p) = k=1,2,3,4
where
where A is the following transformation of electromagnetic field:
while the original electromagnetic field had the form:
In coordinate space we have
Here coordinates x n are taken in lattice units, in which the lattice spacing is equal to unity. Assuming that the field A is slowly varying, i.e. it almost does not vary on the distance of the order of the lattice spacing, we may substitute to our expressions A instead of A.
Appendix B. Electric current expressed through the Wigner transformed Green function
Here we present the proof of the expression for the electric current in the considered lattice model. A slightly different derivation of this expression may be found in [9] . Let us consider the variation of the partition function
The total average current appears as the response to the variation of A that does not depend on coordinates:
The properties of the star product allow to rewrite the last equation in the following two ways:
The last three expressions for the total current are the topological invariants, i.e. the total current is not changed when the system is modified continuously. This may be checked via the consideration of the variation of Eq. (37) corresponding to the variation of Q.
Appendix D. Topological invariant in phase space
In [9] the proof that Eq. (40) is the topological invariant was presented. Here we extend this proof to the case of the topological in phase space discussed in the main text of the present paper. Let us consider arbitrary variation of the Green function: G → G + δG. Then expression for M of the main text is changed as follows:
We used here the cyclic property of trace, i.e. that d 3 xd 3 pTrA W ⋆ B W = d 3 xd 3 pTrB W ⋆ A W . It follows from the corresponding cyclic property of the trace of the operator product:
That's why we proved that M is the topological invariant.
Appendix E. Ordinary Quantum Hall effect in the 2D noninteracting system with a oneparticle Hamiltonian
Here we discuss the Hall conductance that according to the main text is given by σ xy = N /2π where N is the topological invariant in phase space
Our aim is to derive starting from Eq. (42) the following representation for N in terms of the Green function written in momentum representation:
In order to derive this representation we first represent ∂ p i G W as follows:
where we used
We denote
for convenience. Next we can compute G W * ∂ p i Q W .
Using the associativity of * -product, similarly we have
Integrating over x and P , inserting the completeness relation 1 = d 3 pi (2π) 3 |p i p i |, we transform the expression for N into the form of Eq.(43).
Our next purpose is to bring Eq. (43) to the conventional expression for the Hall conductance in the case, when the non -interacting charged fermions with Hamiltonian H(p x , p y ) are in the presence of constant external magnetic field B orthogonal to the plane of the given 2D system. We use the gauge, in which the gauge potential is B x = 0, B y = Bx
External electric field E y corresponding to the gauge potential A is directed along the axis y. Function Q(p (1) , p (2) ) in momentum space has the form:
where p = (p 1 , p 2 , p 3 ) = (p, ω). At the same time
This way we obtain:
A=0
One may represent (1) By operatorx we understand i∂ p acting on the the wavefunction written in momentum representation:
Then, for example,x i δ(q − p) = p|x i |q = i∂ p p|q = i∂ p δ(p − q) = −i∂ q p|q Therefore, we can writex i |p = −i∂ p |p Notice, that the sign minus here is counter -intuitive because the operatorx is typically associated with +i∂ p . We should remember, however, that with this latter representation the derivative acts on p in the bra -vector p| rather than on p in |p . Above we have shown that the sign is changed when the derivative is transmitted to p of |p .
Thus we have
The last expression is just the conventional expression for the Hall conductance (divided by 2π) for the given system.
Appendix F. Hall conductance in the 2 + 1 D systems from the Kubo formula
According to our previous considerations, in the particular case, when the external gauge field A represents constant electric field E k , we get A 3k = −iE k . Therefore, Eq. (46) reads
Here N is the topological invariant in phase space
Below we present the alternative derivation of this expression. We will use the Kubo formula for Hall conductance (see, for example, [18] ). Let us start from the consideration of one fermionic particle that may occupy the states enumerated by numbers n = 0, 1, .... We have
HereĴ
is the total electric current in the Heisenberg picture, while V (t) is the time evolution operator. Averaging is over the the occupied state |0 . Substituting it into the Kubo formula of Eq. (48), inserting a complete set of energy eigenstates, we get
where we write J i = J i (0) for simplicity, and the n = 0 term vanishes. E n is the energy of state |n . Next we integrate over time, and get
To get the limit ω → 0 corresponding to constant background field, we expand the above expression in powers of ω
For the Hall effect σ xy = −σ yx , which leads to vanishing of the first order term. In the second order, the Hall conductance becomes
Electric current may be written asĴ
Thus the Hall conductance of this quantum -mechanical system may be written as This equation represents the result of the second order in the perturbation expansion that corresponds to the transition between the states: from |0 to |n , and back from |n to |0 . The next step is the consideration of the second quantized system. Fermi statistics provides, that in vacuum all one particle states with energy (counted from the Fermi level) E k < 0 are occupied. The Hall conductance in the second order of perturbation theory is given by the contributions of the transitions from the occupied one -particle states to the vacant ones and the corresponding returns. The final answer reads: Following [25] in order to calculate the value of N we decompose the coordinates x 1 = x, x 2 = y as follows:
The commutation relations follow:
Here we use that the Hamiltonian contains the following dependence on x:
and assume ∂ 2 ∂px∂py H = 0. We use those relations to obtain: 
where A = L 2 is the area of the system while N is the number of the occupied branches of spectrum. This way we came to the conventional expression for the Hall conductance of the fermionic system in the presence of constant magnetic field and constant electric field.
